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Abstract. In this survey, we shall be concerned with the category of finite-dimensional 
representations of the untwisted quantum affine algebra when the quantum parameter q is 
not a root of unity. We review the foundational results of the subject, including the Drinfeld 
presentation, the classification of simple modules and g-characters. We then concentrate on 
particular families of irreducible representations whose structure has recently been understood: 
Kirillov-Reshetikhin modules, minimal affinizations and beyond. 
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1. Introduction 

The representation theory of quantum affine algebras has been an active area of research 
for the past fifteen or twenty years. As in the case of the affine Kac-Moody algebras, there are 
two distinct but equally important families of representations that are studied: the positive 
level representations and the level zero representations. The positive level representations are 
usually studied via the Chevalley generators and Serre relations (in the quantum case this is 
known as the Drinfeld- Jimbo presentation) while the level zero representations are studied via 
the loop realization (Drinfeld realization) of the affine (quantum affine) Kac-Moody algebra. 

In this survey, we shall be concerned with a full subcategory of the level zero representations 
of the quantum affine algebra: namely, the category of finite-dimensional representations and 
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we shall assume moreover that the quantum parameter q is not a root of unity. The non- 
quantum version of this category had been studied previously in [Chall ICPH [R] for instance. 
In those papers, the irreducible finite-dimensional representations of the affine algebra were 
classified. An explicit description of the irreducible modules were given in terms of the un- 
derlying simple Lie algebra thus allowing one to deduce character formulas for the irreducible 
representations. The results of those papers, after a straightforward reformulation, prove that 
the irreducible representations are given by an n-tuple of polynomials in an indeterminate n, 
where n is the rank of the underlying simple Lie algebra. It was also clear that the category 
of finite-dimensional representations was not semi-simple and that there should be some rich 
structure theory analogous to the representation theory of algebraic groups in characteristic 
p. The blocks of the category were determined in [CMlj . 

After the presentation of quantum affine algebras was given in |Dr2j . an identical classi- 
fication of the simple finite-dimensional modules for quantum affine algebras was given in 
\CV2\ ICP3| . In the case of the quantum affine algebra corresponding to s[2, the simple mod- 
ules could be described explicitly in a manner similar to the one for the non-quantum case. 
Outside this case however, it was known that such a result would not hold in general; for 
instance in |Dr2] . an example was given (in the case of the closely related Yangians) of an 
irreducible representation of the simple Lie algebra which did not admit the structure of a 
module for the quantum affine algebra. In |CP3j . the structure (regarded as a module for 
the finite-dimensional simple algebra) of the irreducible "fundamental representations" of the 
quantum affine algebra was determined. In particular, outside the case of s[„+i most of these 
representations were highly reducible for the simple Lie algebra. It was clear that in the quan- 
tum situation that the structure and characters of the irreducible representations was much 
more complex and thus of intrinsic mathematical interest. Together with this, was the exter- 
nal motivation coming from the work of A.N. Kirillov and N.Reshetikhin, [KRj . the work of 
I. Prenkel and N. Reshetikhin [FiRj and others in mathematical physics. The results of these 
papers suggested that it would be fruitful to concentrate on understanding particular families 
of irreducible representations. Thus, the work of |KR| was connected with the irreducible 
representations of quantum affine algebras corresponding to a multiple of a fundamental rep- 
resentation. These modules are now called the Kirillov-Reshetikhin modules. 

The work of |FiRj suggested that there should be some natural minimal family of modules for 
the quantum affine algebra. This can be also seen in another, purely representation theoretic 
way: what is the "smallest" representation of the quantum affine algebra corresponding to a 
given irreducible representation of the simple Lie algebra. This motivated the first author 
to introduce in |Cha2] the notion of a minimal affinization and these were further studied in 
|CP41 [CP5| ICP6| . To do this, one introduces a poset for each dominant integral weight, such 
that each element of the poset determines a family of irreducible representation of the quantum 
affine algebra. A minimal affinization is one which corresponds to the minimal element of the 
poset. Another very general family of representations, the so-called prime representations was 
introduced in [CP9 ]. The definition is very natural in the light of the results in [CP2j . It was 
clear from the results of [CP4l ICP5| that the Kirillov-Reshetikhin modules are prime and that 
they are the minimal affinizations of multiples of the fundamental weights. We shall now see 
how this and other results motivates the title of our survey. 
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A very important advance in the theory of finite-dimensional representations was the defini- 
tion of g-characters introduced in [|FRI | and studied further in [FMll IFM2j . The (/-characters 
are generahzations of the usual character of a representation of a simple Lie algebra and satisfy 
all the usual nice properties: they are additive on direct sums and multiplicative on tensor 
products. To define them, one observes that in the affine case there is an infinite family of com- 
muting elements and the (/-characters encode the information of the generalized eigenvalues 
and eigenspaces for their action. It was shown in those papers that the irreducible representa- 
tions were determined by their g-character and also that the eigenvalues are given by re-tuples 
of rational functions in an indeterminate u. However, closed formulas such as an analog of the 
Weyl-character formula are not known for g-characters. Instead, in [FMl] an algorithm (now 
called the Frenkel-Mukhin algorithm) was proposed to calculate the g-character. They proved 
that the algorithm worked for the fundamental representations and it was thought that this 
procedure might work in general. This is now known to be false through the recent work of 
[NN4] . However, it was quite reasonable to expect that there were families of representations 
for which the algorithm worked and this leads to the notion of a regular representation: one 
where the Frenkel-Mukhin algorithm yields the g-character of the module. It was proved in 
[FMl] that a representation was regular if it was special, i.e had an unique eigenvalue given 
by n-tuple of polynomials. From a Lie-theoretic point of view it is more natural to call 
these minuscule representations as we explain in Section 4. In |Nak41 INakS] it was proved 
for simply-laced algebras, by using geometric methods, that the Kirillov-Reshetikhin modules 
were minuscule. An algebraic proof was given in [H5] for all simple Lie algebras. These results 
imply the Kirillov-Reshetikhin conjecture, which gives a closed formula for the character of 
the tensor product of Kirillov-Reshetikhin modules. Later in [H8] it was shown that most 
minimal affinizations are minuscule. 

Another way to study the simple finite-dimensional modules for a quantum affine algebras 
is via branching rules: namely determining the multiplicity of an irreducible module for the 
simple Lie algebra in a given module. In the case of 5I2 and for fundamental representations, 
this has been discussed earlier in the introduction. In the case of algebras of type C2, this 
was done for minimal affinizations in [CP7| . For algebras of type it is known that the 
minimal affinization is irreducible for the simple Lie algebra. In the case of the Kirillov- 
Reshetikhin modules this problem was studied in [Cha3| in the case corresponding to nodes of 
classical type confirming conjectures of [KR[ IKll IHKOTY] . The methods of this paper used 
the ideas developed in |CP14t ICP13j where the notion of a Weyl module was introduced. The 
Weyl modules are also parametrized by an n-tuple of polynomials but are not necessarily 
irreducible but do have very nice universal properties. It was conjectured in |CP141 ICP13j 
that the Weyl modules are just a tensor product of fundamental representations and we shall 
see that this is in fact the case in Section 5. 

Relatively little is known about prime representations, in Section 7, we show that most min- 
imal affinizations are prime. One of the main results of [Cha4| gives a necessary condition for 
a representation to be prime. Additional examples of prime representations are given in [HL]. 
We also discuss the quasi-minuscule representations, one in which the generalized eigenspaces 
are of dimension at most one. For some algebras, the Kirillov-Reshetikhin modules and more 
generally, any minimal affinization is quasi-minuscule. A final family are the small represen- 
tations closely related to the geometric small property (Borho-MacPherson). We discuss the 
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proof [H7J of a related conjecture |Nak4| implying a description of the singularities in terms 
of intersection homology of certain projective morphisms of quiver varieties. 

The study of Kirillov-Reshetikhin modules has been of immense interest in recent years. 
Character formulas for these representation have been conjectured from physical considera- 
tions. These representations are related to several geometric constructions and to rich combi- 
natorial structures such as crystals [KasllQS] . T-systems pCNSl [HKOTYl IHKUTT] and their 
solutions |Nak5t IH5| (and more recently cluster algebras \Ke\ IHL ] ) . In the last section we have 
a brief overview of these results. 

To keep the survey of a manageable length and as a result of our own perspective, we have 
made many choices and have not elaborated on other important approaches both geometric 
and combinatorial. In simply-laced cases there are the powerful geometric methods of |Nakl| . 
further studied in |VVj . In particular Nakajima defined an algorithm and proved that it gives 
the g-character of an arbitrary simple representation of a simply-laced quantum affine algebra 
[Nak4j (a conjectural algorithm for all cases is defined in [HI]). There is also the connection 
with the theory of crystal basis and details of this approach can be found in the work of 
[AKl IKasl IPS] . Various important historical references can also be found in |KNT| . We have 
also restricted ourselves to the case of untwisted afhne algebras and when q is not a root of unity. 
This is primarily because the subject is most well-developed in these cases and several results 
of this survey have not been established for twisted cases. However there are some results in 
the twisted case which can be found in [CPT1l,H9] . The papers |(:;P12[ iBKl lFM3l iNikl |H2] 
consider the case when g is a root of unity. Finally, for the quantum toroidal (ie double affine) 
case see |H10] and references therein. 

2. Quantum Affine Algebras: definitions and basic results. 

Throughout the paper C (resp. Z, Z+, N) denotes the set complex numbers (resp. integers, 
non-negative integers, positive integers) and g € C a fixed non-zero complex number which is 
not a root of unity. 

2.1. Set / = {1, • • • , n} and / = / U {0}. Let A = {aij)ij^j be an indecomposable Cartan 
matrix of finite type and let A = {aij)^ -^j the corresponding untwisted affine Cartan matrix. 
Fix a set {di}^^j of positive integers so that the matrix {diUij}- j^j is symmetric. 

Let Q and q the corresponding finite-dimensional simple and untwisted affine Lie algebra 
associated to A and A respectively. As usual, R denotes the set of roots of q with respect to a 
fixed Cartan subalgebra, and {ajjjg/ (resp. {wjjjg/) a set of simple roots (resp. fundamental 
weights). Let Q (resp. Q~^) and P (resp. P^) be the Z-span (resp. Z_|_-span) of the simple 
roots and fundamental weights respectively and set = RD Q~^. Let 9 be the highest root 
in R^. Let < be the usual partial order on P defined by; for A,/i € P, we have A < /x iff 
/i- A G 

Let W be the Weyl group of R and for i £ I, let Si G W he the simple reflection corresponding 
to ai and let I : W ^ be the length function. The group W acts on the root lattice Q 
by extending Si{aj) The affine Weyl group W is isomorphic to the semi-direct 

product W tK Q, under the map 
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where sg{aj) = aj+ao jO. The extended Weyl group W is defined to be the semi-direct product 
WkP. Regard W and P as subgroups of W via the maps w — > {w,Q) and \ ^ t\ = (e, A). 
The affine Weyl group Vt^ is a normal subgroup of W , and the quotient T = W/W is a finite 
group isomorphic to a subgroup of the group of diagram automorphisms of g, i.e. the bijections 
T : I ^ I such that a,-(j)T-(j) = Uij for all i,j E /. Moreover, there is an isomorphism of groups 
W = T:kW, where the semi-direct product is defined using the action of T in FP^ given by 
T.Si = Sr{i)T (see [B]). 

2.2. For i £ I, set qi = q'^'. For £ E Z, and r,p^m E Z+ with m > p, set 

M« = ^^^, [r].! = [rMr-l],...[l], , 

The quantum affine algebra Ug(g) is the associative algebra defined over C with generators 
k^^, xf {i E /) and relations: 

r + -1 _ X ki — 
9i - 

(xf)i-'^--^x±(xfr = 0(fori/j). 
The assignments, 

A(a;+) = x+ /ci + 1 x+, A(2;r) = x," 1 + /c^i x~, A(/cf ^) = fef ^ A:f \ 
= -x+fcri, 5(2;-) = -A;,x-, 5(A;±i) = A;±i, 
£(x±) = 0, e{kf) = l, 

for i £ i, define a Hopf algebra structure on Ug(g). The subalgebra Ug(g) generated by the 
elements xf , ki, i (z I is a Hopf subalgebra of IJg(g) and is isomorphic as a Hopf algebra to the 
quantized enveloping algebra of g. li 9 = X^jg/^itti, the element C = koY\-^j k^^^ is central 
in Vgid). 

2.3. For i E / and m > 1, set (xf )(™) = (xf )™/[m]i! and (xf )(°) = xf . For i E / let Tj 
be the algebra automorphism of Ug(g) defined in [L| by, 

TiiixtY""^) = (-l)'"g-'"(™-^)(x-)(™)A;™, ri((xr)(")) = (-l)™g'"('"-i)A;-'"(xf )(™), 

— ma^j 

ri((x+)("^)) = ^ (-l)V(xf)(-"'^--^)(x+)(™)(xf)W ifi/j, 

— majj 
r=0 



["1 -P]i!b]j!' 



r=0 



'i-iy 
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for all m > 0. The finite group T acts as Hopf algebra automorphisms of Ug(0) by 

T{xf)=x^^.-^ T{ki) = k-r(i), for alH € /. 

Given any w € W, write w = TSi^ ■ • • •Sj^ where i,. G / for 1 < r < p and Sj^ • • • Sj^ is reduced 
and set = rTi^ . . . Ti^. Then, is an automorphism of Ug(g) and depends only on w. 

2.4. Following |B1] . define for i G /, r G Z, elements xf^ G Ug(0), by 



where o : I ^ {il} is a map such that o{i) = —o{j) whenever aij < (it is clear that there are 
exactly two possible choices for o). Note that xfg = xf . It is proved in [Blj that the elements 

xf^, ki, C , i €^ I , r €^ Z generate Uq(g). A precise set of defining relations in terms of these 
generators (now called the Drinfeld generators and relations) is given in [Dr2j and proved in 

m- 

For the purposes of this note we identify the following crucial relations. For i £ I, r € Z_|_ 
and r 7^ 0, set 

For all i,j £ I and r, s G Z, we have 

[<Pi,r,^jA G (C-1)U,(0). 

Let U^(0) (resp. Ug(f))) be the subalgebra generated by the xf^ (resp. the kf^^ C^^ , i^i^r)- 
We have, 

U,(0) = U-(0)Ug([))U+(0), (2.1) 

We shall also use: 

Lemma. The assignment xf^ — > xf_^, ifji^r i^i-r, Q extends to a C-linear algebra 

antiautomorphism ft of\Jq{g). □ 

For each r G Z and i G / let Ui^^ be the subalgebra of Ug(0) generated by the elements 
xf^, kf^ and let Uj be the subalgebra generated by Uj^r, G Z and C^^. Note that tJj is 
isomorphic to Ug-(s[2) and that Uj^r is isomorphic to Ug. (s[2) for r G Z. 

2.5. Following |CP12j . define for z G /, r G Z+ elements Pi^±r G Ug(0) by Pj^o = 1 and 

kr^ 

^ ~ 1i s=l 

and set 

r>l r>0 

where u is an indeterminate. Let X^, z G /, be the subspace of Uq(0) spanned by the elements 
xf^, r G Z. The following was proved in |CP12| . 

Proposition. Let i £ I. 
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(i) There is an equality of power series '$f{u)Pf{u) = kf^Pf{q^'^u). 

(ii) The subalgebra of\Jq{g) generated by the elements {-Pi,±r i & I,r G N} is a polynomial 
algebra in these variables. 

(iii) For i G I, r G Z+, we have 

(x+)(^)(x-,)« = {-irqlklP,,r+X-\5,{Q)Xt, 
i4,-iY'Hx7,of^'^ = {-lYqr'k:j2xr,^,P.,r-s + lJ,{9)X^. 

s=l 

n 

2.6. In general one does not know explicit formulae for the comultiplication in terms of the 
generators xf^. However, the next proposition contains partial informations which is sufficient 
for our purposes. A proof can be found in |Bll IBCPl IDaj . 

Proposition. For i I , r Z we have, 

AK+ ) G ^U,(g)X+ 0U,(g) +U,(0) ® j;U,(0)X+, (2.3) 

r 

A{Pi^r) - P^^r-s <^PseJ2 Ug(0)X- ® Ug(0)X+. (2.4) 

s=o jei 

n 

2.7. We conclude this section by recalling from |CMlj the notion of an ^-weight lattice 
and an ^-root lattice, and also the definition of a braid group action on these lattices. These 
are analogous to the definition of the lattices P and Q and the Weyl group on action on them. 
The motivation for these ideas will be clear in the next section. 

Let u be an indeterminate and let P"*" be the monoid (under coordinate-wise multiplication) 
of /-tuples of polynomials in u with coefficients in C and constant term one. Given i £ I, 
a G C*, let TVi^a € be defined by requiring the i^^ coordinate to be 1 — au and all other 
coordinates to be one. Clearly, "P"*" is the free abelian monoid generated by the tTj^q, i G /, 
a G C* and we let V be the corresponding free abelian group. We call V the ^-weight lattice. 
Let wt : 7^ ^ P be the homomorphism of abelian groups given by setting wt iVi^a = ^i- If 
•ct7 = (ii7j)jg/ G V, then zui G C{u) and can be written as power series 

and we shall use this fact freely without further comment. Given vr G C[u] with constant term 
one, set 

7r+ = TT, TT- = u'i^g"7r(^/-i)/(n'^^S"7r+(u-i))U=o, 
and if TO = vr/vr' G C{u), set = tt^/^tt')^. For zu = {wi, ■ ■ ■ ,Wn) G V define elements 
^17=^ G P by 

= {wt,--- ,^t)- (2.5) 
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The element -uj^ should not be confused with the the elements iv^i)^^ coming from the group 
structure. 

2.8. Let B be the braid group associated to W . Thus, B is the group generated by 
elements Tj (i € /) and defining relations: 

T^Tj — TjTiy if ci'ij — 0, TjTjT'i — TjTjTj^ if ctijctji — 1, 

{fifjf = {fjfif, aijaji = 2, {fifjf = {fjfif, ii aijaji = 3, 

The next proposition is a reformulation of [Cha41 Proposition 3.1] and can be easily checked. 

Proposition. There exists a homomorphism of the group B to the automorphism group of V 
given by: 

{fizu)i = — ^ , {fizu)j = Wj,\i aji = {fi^)j = ujj{u)wi{qiu), if a,j = -1, 

{fizu)j = Wj{u)wi{q^u)wi{qu), if aji = -2, 

{fiUj)j = TUj{u)zUi{q^u)zui{q^u)wi{qu), if aji = -3, 

where V and i,j^I. If w W and Sj^ • • • Sj^. is a reduced expression of w, the element 
T^{'cj) = Ti-^ ■ ■ - Ti^-uj, is independent of the reduced expression and we have 

wt(T^('cc7)) = wwi{'cj). 

□ 

2.9. For i G /, set 

This is exactly analogous to defining the root by = uJi—SiUJi, and so we have wt(o;^ ,2) — o^. 
In addition 

("^,ag2)~^ J = ^> 
(^i,ai Ojij — 0, 

TjOti^a = { OLi^aOLj,aq, CLi = "1, (2-6) 
^i,a(^j,aq(^j .aq^ 1 ^ij — 

Let Q (resp. Q"*") be the subgroup (resp. monoid) generated by Qj^a, i & I, a & C^. Set 
Q~ = The following is now immediate. 

Lemma. The action of B on V preserves Q. □ 

Let ^ be the partial order defined on V by: 117 ^ zj' iff -ccj E "cc^'Q^. 

Remark. The elements oti^a are essentially the elements Ai^a first defined in [FRJ from the 
quantized Cartan matrix and the analog of the partial order =^ also appeared first in [FR| . 
The definitions above were given in |CMlj and turn out to be a natural Lie-theoretic way to 
introduce these elements and the partial order. A presentation of the group V/Q can be found 
in [CMl] . 
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2.10. In the process of writing this note, we found that the proof of one of the statements 
of Lemma 2.7 in [CMlj was not complete and we take this opportunity to complete that proof. 

Proposition. Let w € W and i € I be such that wai € . Then T^ctia € for all 
Proof. We first prove the Lemma when g is of rank two. If g is of type A2, using ()2.6p we get 
If g is of type B2 let ai be the long root and 02 the short root, this time we get 

T2ai^a = «l,aQ:2,agQ!2,ag3) TiT2ai^a = "l.ag^ Q:2,agf>:2,ag3 , T2TiT2ai^a = Oil,aq2, 
Tia2,a = Ct2,a(^l,aq, T2TiCX2^a = OL2,aqiOLl,aq^ TiT2TiCX2^a = OL2,aq^ ■ 

The case of G2 is similar and we leave the calculation to the reader. This proves the proposition 
when g is of rank two. For the general case, we proceed by induction on the length \{w) of w. If 
\{w) = 1 then w = Sj for some j ^ i and (j2.6p shows that induction begins. Let = Sjj • • • Sj,, 
be a reduced expression for w and assume that wai S R'^- If o^r,* = then 

and since \{wsi^) < \{w) we are done by the induction hypothesis. Otherwise we can write 
w = W1W2 where W2 is in the group generated by Sj^, Si and W2ai, wiai, wiai^ € By the 
rank two case, we know that Tyj^cxi^a is in the monoid generated by cxi^a OLir,d for c,d E C^. 
Since wiOj, wiai^ G i?"*", it follows again by induction that Tw^Tw^oii^a € and the proof of 
the inductive step is complete. 

□ 

Corollary. If tt £ and w G W, then T^iv =^ tt. 

Proof. It suffices to prove the corollary when tt = TTj^a for some i G /, a G C^. We proceed 
by induction on l{w). If w = Si then fi(7Vi^a) = T^i.aOL^a definition and \i w = sj, then 
Tj{'^i,a) = TTi.a- If ^{w) > 1 Write w = w'si^. for some w' with l{w') < If v 7^ h then 

TwT^i^a = TyjiTTi^a and the result follows by induction. If v = i then w'ai G R^ and we have 

and the result follows from the inductive hypothesis and the proposition. □ 
3. The category J^g(g): simple modules and Weyl modules 
Let .Fq(g) be the category whose objects are finite-dimensional Ug(g)-modules V satisfying, 

and where the morphisms between two objects are maps of Ug(g)-modules. Since Ug(g) is a 
Hopf algebra the category J^q(g) is closed under taking tensor products and duals and we let 
Rep(g) be the corresponding Grothendieck ring. This category is far from semi-simple and a 
parametrization of the blocks of the category can be found in [CMlj . 
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In this section we shall see that given tt € we can associate to it canonically two 
modules: V{t^) which is simple and Ty(7r) which has nice universal properties and see that 
parametrizes the simple objects in ^g(g). These results can be found in |CP2t [CP3l ICP14] 
ICP13| . We include a sketch of a proof in some cases for the readers convenience and for 
motivating some of the later results. 

We shall also begin the discussion the g-character of objects in J-q{Q). These were originally 
defined and studied in a slightly different formulation in |FR| . For our purposes, we define it 
as follows. It is not hard to see |CP2| . that the element C — 1 of Uq(0) acts trivially on an 
object of Uq(0) and hence the elements kf^, Pi^r, i G /, r G Z act as a family of commuting 
operators on V. Hence we can write F as a direct of generalized eigenspaces for their action, 
i.e we have 

V = ©d^d, d = {di,r)i(^I,reZ, di^r G C, , 

where 

Vd = {veV : kf^v = q^'^'-^v, {Pi^r - di,r)^'-^v = 0, for some Ni^r G N}. 
The formal sum 

ch,(T/) = J^dimVdd, (3.1) 

d 

is called the g-character of V. 

3.1. We shall assume that the reader is aware that the category J-'q{Q) of (type 1) finite- 
dimensional representations of Uq(g) is essentially the same as the corresponding category for 
the simple Lie algebra as long as q is not a root of unity. Thus, the category is semi-simple, 
the irreducible representations are parametrized by dominant integral weights and given A = 
X]ie7'^(0'^j ^ l6t V{X) be the irreducible finite-dimensional module generated by an 

element vx, with defining relations: 

kt'vx = q^^^'^vx, x+vx = 0, (xr)^W+V = 0, iGl. 
In particular any finite-dimensional representation V of Ug(g) can be written as 

V = e^epV^, V^ = {vGV: kf^v = q^^'^'^v} 

and we let 

ch(y) = ^dimF^e(/i), 

be the element of the group ring Z[P]. Set 

wt(y) = G P : / 0}. 

Any object of Tq{Q) is completely determined, up to isomorphism, by its character. Details 
of all these facts can be found in any of the standard books on quantum groups (for example 
|CP7| ). Since any object V of J^g(s) can also be regarded as an object in !Fq{Q) the set wtiV) 
is defined and we see immediately, that chqiV) is much finer than the character ch(y). 
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3.2. We introduce the notion of a highest weight module adapted to the triangular de- 
composition given in (12. ip . 



Definition. We say that a Ug(0)-module V is ^-highest weight with highest weight vector v 
and highest weight d = {di^r € C : i € /, r G Z} if V = \Jq{Q)v and 

We begin with the following result which is an immediate consequence of Proposition 12. 6i 

Lemma. Let Vp be i-highest weights and highest weight vectors Vp, p = 1,2. The Ug(g) 
submodule ofVii^V2 generated by vi ^ V2 is also i-highest weight, with highest weight vector 
vi (8" V2 and £-highest weight d given by 

r 

di,±r = 4±«4±(r-.)' ^ e I, r G Z+. 
s=0 

More generally, ifVp^ ^qid) then the q-character ofVi (8) V2 is the product of the q-characters 
ofVi and V2. □ 

3.3. The next result gives a necessary condition for an ^-highest weight module to be 
finite-dimensional. 

Lemma. Let V be an i-highest weight module with highest weight {di^^ ■ i & I, r G Z} and 
highest weight vector v. Then dim(y) < 00 only if for all i G I, we have: 

di,o = Si e Z+, di^r = 0, \r\ > Si, di^±s^ / 0, (3.2) 

1 + di-ru" = u^' + dr^^ Y di,ru^'~''. (3.3) 

r>l r>l 

In other words, if we set Hi = X]r>o di^rU^ and tt = (vri, • • • , 7r„), then tt € and the highest 
weight of V is given by tv, in the sense that 

'Ydi,±ru'^ = T^^{u), Si = degTTi. 

r>0 

Proof. For z G /, r E Z, regard V as a module for the subalgebra Uj^^ which we recall, 
is isomorphic to JJqi^slz). Since V is finite-dimensional there exists Si G Z_|_ minimal such 
that {x'j.f'+'^v = 0. It is now immediate from the representation theory of Ug(s[2) that 
Si + 1 = difl + 1 and hence di^ = Si. To prove that di^r = if |r| > 5j we use Proposition 
I2.5l fiii) by noting that the second term on the right hand side is zero on v and the left hand 
side is zero on u if r > 5^ by the preceding discussion. Finally ()3.3p is obtained by using 
Proposition 12.5^ 1). □ 

3.4. We now turn our attention to the converse problem. Given tt G , the Weyl module 
W{7v) is defined in |CP14j as the Ug(0)-module generated by an element 1^71- with relations: 

x+^wn = 0, kf'wn = q^^'^'^'w^, ^f{u)wT, = T:f{u)w^, (x-o)deg(-,)+i^^ = 0, 
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for alH G / and r G Z. The following theorem was proved in [CP14j . although part (iii) of the 
theorem was proved much earlier in [CP21 ICP3j . Note that part (ii) shows that Weyl modules 
are universal ^-highest weight modules in J-qiQ). 

Theorem 1. (i) For tt G P+ we have W{7v) G Ob J'q(L(0)). Moreover, 

dim(W"(7r))„t7r = 1, wt(Ty(7r)) C wt tt - Q+. 

In particular, W{n) is indecomposable and has a unique irreducible quotient ^(Tr). 

(ii) Any ^-highest weight module in J^q{Q) is a quotient of W{7r) for some tt G V^. 

(iii) If F G OhTgis)) and V is simple, then V = V{7r) for some tt G V+ . 

□ 

Remark. Lemma 13.21 and the preceding theorem makes clear the motivation for defining the 
monoid V^, it is the analog of the fact that the monoid P"*" parametrizes the irreducible 
finite-dimensional representations of q. 

Definition. For i G /, a G C^, the module V{7Vi^a) is called the i^'^-fundamental module with 
parameter a. 

The following is a consequence of the Theorem and Lemma 13.21 and justifies the definition 
of the fundamental module. It is analogous to the result that any object in J-q{Q) occurs in 
the tensor product of the fundamental representations V{uJi), i E I. 

Corollary. Let tt = JliG/risS'^' '^iM ^ ^ 'P^ ■ The module V{7r) is a subquotient of the tensor 
product (in arbitrary order) of the modules V{ni^h. J i G I, bi^s G C^, 1 < s < degTTj. 



4. The category ./^(sli) and q'-characters as elements of Z[P] 
In this section, we shall see that the formal sum 

chg(y) = ^dimVdd, (4.1) 

d 

can be regarded as an element of the integral group ring of V and explain how this is related 
to the original formulation of (^-characters in [FRj . This requires an understanding of the 
simple objects of ^^5(5(2) and we also discuss the g-characters of the irreducible modules and 
the Weyl modules in the s[2-case. 

4.1. It is convenient at this point to introduce some definitions. Given V G Oh J^q{g) and 
■Dj G V recall the elements -cj^ = (rof , • • • ro^) defined in ()2.5p and set 

r>0 

Note that since dim M^(7r)wt7r = 1 = dimy(7r)wt7r7 it follows also that diml^(7r)7r = 1 = 
dim 1/(77)77. 
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Definition. We say that V E Oh J-q{Q) is minuscule if there exists exactly one element tt € 
such that dimVvr / 0. We say that V G Ob^g(g) is quasi-minus cule if for all tt G we have 
dimVTT < 1. Finally we say that V G Oh J^q{Q) is prime iff V cannot be written as a tensor 
product of nontrivial objects of Tqis)- 

By Theorem [H it is clear that given an V £ ObJFg(g) there must exist tt G such that 
Vtt 7^ 0. If y is minuscule it follows that any irreducible constituent of V must be isomorphic 
to V{7v) and in particular, if dimVTi- = 1, then V = V{7v). In the literature, so far simple 
minuscule modules are called special |Nak4j and quasi-minuscule modules are called thin [HT] , 
We believe that our notation is more consistent with the representation theory of simple Lie 
algebras, where a minuscule representation is one with a unique dominant integral weight and 
a quasi-minuscule is one where all weight spaces are of dimension at most one. In fact it is 
quite easy to see that if F G Obj^g(g) is minuscule (resp. quasi-minuscule) as an object of 
!Fq{g) then it is minuscule (resp. quasi-minuscule) as an object of J^q{Q)- The converse is far 
from true as will be clear from the examples of minuscule and quasi-minuscule representations 
given in the rest of the paper. Finally, note that iiVG Ob J^g(g) is irreducible when regarded 
as an object of J'qis) then V is prime. The modules V^iVi^a) for i £ I and a G are clearly 
prime but as we shall see in general not irreducible as an object of ./^(g). 

4.2. As in the case of the representation theory of simple Lie algebras it is crucial to first 
understand the case when g is of type 5/2- In this case an element of is just a single 
polynomial vr in n with constant term one. Our goal is to describe the structure of ^(vr) and 
W{Tr). 

Given a G and m G Z-|_, set 

m 

7rT{u) = l[{l-q^-'^+'au), m > 1, n'^ = 1. 
i=i 

It is proved in [CP2| that V{tt'^) is irreducible when regarded as module for Ug(s[2) and we 
have 

dimy(7r^) =m + l, wt(y(7r^)) = {m - 2j : < j < m}. 
Moreover, if u G V{Tr^)m~2j, we have an equality of power series |CMlj . 

^1^^ = (%-'')^(K,"^-.+2)^)"'^ = ^r("ag'"- • • • CX,qm-2,+.)-\, (4.2) 

where are the elements defined in ()2.2p . The first equality in the preceding formula appears 
in a different form in CP2j . while the second appears in [FRj using the elements V'i,±r and 



4-1 

In particular we see that V{tt'^) is minuscule, quasi-minuscule and prime. Moreover we 
have, 

d = {dr}rez, V{'^T)d7^0, ""^^ d±rU^ = (u) , for some w^V. 

Suppose now that vr G V^. It is easy to see that there exists: 
(i) a unique partition of degvr = (m-i, m2, • • • , m^) (mi > 772-2 > • • • > > 1), 



14 VYJAYANTHI CHARI AND DAVID HERNANDEZ 

(ii) and unique elements ai , ■ • • , G C ^ satisfying 

ak/ap i {g±(™fc+™p),g±(™fc+™p-2),. . . ^^±(mfe-mp+2)|^ ^ > 

such that vr = nfc=i • ^^^^ ^^^i^ the (^-factorization of vr and the elements vr^^ the 
g-factors of vr. The following theorem was proved in |CP2j . 

Theorem 2. Let vr € and assume that tt = nfc=i ''^T^ ^ g-factorization of tt. Then 

Corollary. Let tt € and assume that tt = J|^=;^ 7r™*= is a q -factorization of vr. Then, 
V{tv) is minuscule iff for I < j k < m, we have that, 

an(i is quasi-minus cule iff V{tt) is minuscule and for j ^ k, 

au^ajq^^-^K 

Finally the irreducible prime objects in iFq{Q) are the V{-K]f^), m G Z+, a € C^. 

Proof. The first statement is proved in \FJl\ Lemma 4] while the last is a direct consequence 
of Theorem [2j For the second, suppose that Ukq"^'' G {ajq"^\- ■ ■ ,Oj(jr~™J+^}, say 0^(7™'-"^ = 
Ojq"^^^^^^^' where r < rrij — 1. So na^^ m.a^^ rn -2 ' ■ ■ Q;~^m -2r has multiplicity at least 2 in 

o-jQ ■' ajq 3 ajq 3 

chq(y(7r)) and so ^(Tr) is not quasi-minuscule. 

Otherwise for j ^ k, we have {a^g"^*^"^, • • • akq^~"^''} H {ajq"^^'^, • • • , ajq^~"^^} = and the 
quasi-minuscule property follows. □ 

4.3. For general g, we have the following consequence of Theorem [2] which first appeared 
in [FR] . 

Proposition. Let g be simple and V G ^qis)- Then V = 0roG-pKi7- I'n particular, chq{V) G 
Z['P] and we have a ring homomorphism chq : Rep{Q) — > Z[P]. 

Proof. In the case when g is s/2 and V is irreducible the Proposition is immediate from Theorem 
[2j If y is reducible then the result follows again since the eigenspaces for the action of Pi^r on 
V are just the sum of the eigenspaces coming from a Jordan-Holder series for V. For arbitrary 
g, the result follows by regarding y as a module for Uj, i G /. The fact that chg is a ring 
homomorphism is immediate from Lemma |3.2[ □ 

Remark. We now explain the connection with original formulation of [FR| . Let y be the 
polynomial ring over the integers in the infinitely many variables Y-^, i G /, a G The 
assignment 

i£l,aeC* ieI,aeC* 

is clearly an isomorphism of rings and hence chq{V) can also be regarded as an element of 3^, 
For some applications the monomial notation is more convenient, and in the following we shall 
use both notations without comment. Any object V in J-'g(g) is obviously a finite-dimensional 
module for Ug(g) and it follows from the fact that ch.q{V) G Z[7^] that ch(y) = wt{ch.q{V)), 
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or equivalently [FRj . in the monomial notation one replaces Yi^a by Ui = e{LOi) to get the usual 
character. 

4.4. We go back to the case g of type 5I2 and turn to understanding the Weyl modules. 
It was proved in |CP13| that if vr = nr=i '^ar^ CLr/o-k 7^ Q'^ if k > r, then 

m^) = nO®---^nO- (4.3) 
We now compute the g-character of W{tt). Define a map 

V+{tt) = {vr' e V+ : ^(^')"^ ^ V+} ^V, vr' ^ TT'{u)TT'{q\){-iT{q^u))-\ 
We claim that the map is injective. For, if 

vr'(n)vr'((7^ti) = r]' {u)r}' [q^u), 

then choose a G so that (1 — au) divides the left hand side and (1 — aq'^u) does not divide 
it for any A; < 0. It is immediate that (1 — au) divides vr'(n) and similarly must divide ri'{u). 
An obvious induction on degvr' now proves that vr' = r/'. Given, vr G and vr' G ■p^(vr), write 

k k 
vr = ^(l-M'^ 7r' = ll{l-ajuf\ 

i=i j=i 

where aj E C^, 1 < j < k are distinct, and set 

Using (|4.2p . (j4.3p and the multiplicative property of ch^, we see that 

{zueV: iy(vr)„ ^ 0} = {tt' {u)7r' {q\){7r{q\))-^ : vr' G P+(vr)}, 
and we have proved the following: 
Proposition. Let vr G . We have 

ch,{W{7r)) =Y,d^{7r')7r'{u)7r'{q\){7r{q\))-\ 

TT'\n 

In particular, W{tt) is quasi-minus cule iff tt has distinct roots. 

5. iRREDUCIBILITY OF TeNSOR PRODUCTS AND g~CHARACTERS OF WeYL MODULES 

In this section, we give a partial analog of Theorem[2]for general g. Thus we give a sufficient 
condition |Cha4j for a tensor product of two irreducible objects of J^g(s) to be irreducible and 
hence also a necessary condition for a representation to be prime. We shall then see that this 
result along with results in |Kasl INakll IBNj can be used to substantially strengthen Corollary 
13. 4t namely that any ^-highest weight module is actually a quotient of an ordered tensor 
product of fundamental modules. This is essentially equivalent (by the universal property of 
Weyl modules) to proving that for all tt G the module W{tt) is isomorphic to an ordered 
tensor product of fundamental modules. Finally, we discuss q'-characters of the fundamental 
representations and hence also the g-characters of Weyl modules. 
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5.1. We shall say that two polynomials vr and tt' with constant term one are in general 
position if the g-factorization of vrvr' is just the product of the g-factorization of vr and vr'. We 
say that vr is in general position with respect to vr' if for every g-factor vr™ of vr and vr^ of vr' 
we have 

a / <p < min(m,r). 

The following was proved in |Cha4j . It was motivated by the following classical result: if 
V is any finite-dimensional g-module and w W, then dimV^ = dimV^^ for all fi E P. In 
the case of the quantum affine algebra it was natural to ask if something similar was true for 
wti{V). This motivated the definition of the braid group action on V (in the quantum case, it 
is quite natural to replace the Weyl group by the braid group). Part (i) of the theorem shows 
that the analog of the classical result works for the highest weight tt; the discussion in the SI2 
case shows that this is false for an arbitrary weight. However, even this partial information is 
enough to find conditions for a tensor product of irreducible representations to be irreducible. 

Theorem 3. Let 7t,7v' G V^. For all w £ W we have 

dimy(7r)T„7r = dimy(7r)„t(T„7r) = 1- (5.1) 
Further, V{7v) ® Vi^^') is an ^-highest weight module (resp. irreducible) if given a reduced 
expression t^o = Sii ■ • • Sijv of the longest element in VK, we have 

(i) the elements vr^^^ is in general position with respect to vr^ (resp. vr^j^ and vr^ are in 
general position), 

(ii) For 2 < j < N, the elements (Ti. ■ ■ ■ Ti^n)i_^_-^ is in general position with respect to 7r^^_-^ 
(resp. (Ti^. • • • Tij^7v)i^_^ and vr^ are in general position). 

Proof. The idea of the proof is as follows. In the case when g is of type sl^, this was done 
in |CP2| . Then one observes that for all w € W, the weight space dimy(7r)^t,wt7r = 1 and 
hence is an eigenspace for the action of the elements Pi^r, i I, r Z_|_. The corresponding 
eigenvalue is T^(7r). Given a reduced expression Sj^ ■ • • Si^ of wq, set vn = ^tt and fix non-zero 
elements vj G l^(7r)s, ,_^^...s,^ wtvr for 1 < j < — 1. It is easy to see that x^^Vj = for all 

r G Z+. We proceed by induction to show that vj ^ Vt^i € Ug(g)(v7r ® v-j^'). The inductive 
step follows from the fact that the element Vj <8> fvr' is an ^-highest weight vector for the 
subalgebra Uj (which is isomorphic to Uqi(s[2)) and by using condition (ii) in the statement 
of the theorem. □ 

Let TT G and write tt = Yliei Y[p=i '^i,ai p ^o^' some a^^p G . Fix an ordering < of the 
set {tti^p : i & 1,1 < p < Si} so that the polynomial (1 — Ui^pu) is in general position with 
respect to (1 — aj^j-u) if Oi^p < aj^r- 

Corollary. The ordered tensor product ^jg/ 'S'pLi V{7Vi^aip) is i-highest weight and hence a 
quotient of W{7v). In particular if at^p = 1 for all i ^ I and 1 < p < s the tensor product is 
irreducible. 

The corollary had been proved in |AK] when g is of type An or C„, a geometric proof 
was given for the simply-laced algebras in [VVj and a complete proof was given in |Kasj by 
using crystal bases. In [Naklj . Nakajima introduced the notion of standard modules for Uq(g) 
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through the geometry of quiver varieties and the results of [VVj show in the simply-laced case, 
that an algebraic definition of the standard module is just the tensor product given in the 
corollary. 

5.2. We can now state the following result which can be viewed as giving a presentation 
of the standard modules. 

Theorem 4. Let tt G and write tt = Yliel Y[p=i '^i,ai p for some Oj^p G Z+. Fix an ordering 
< of the set {oj^p : i G 1,1 < p < Si} so that the polynomial (1 — ai^pu) is in general position 
with respect to (1 — aj^r) if o,i,p < Oj.r- The ordered tensor product ^jg/ ®p=i V{''^i,aip) is 
isomorphic to W{7r). □ 

This theorem was conjectured in [CP 14] . A proof was given in the case of si^ in |CP13| . 
For arbitrary simple Lie algebras this follows easily from the results of jNakl[ IBNj and a proof 
can be found in |CM1| . Another approach which is more algebraic and similar to the proofs 
given for the sl^ case can be found for sZ„+i in |CLj and a proof using Demazure modules can 
be found in [FLj in the general simply-laced case. 



5.3. Given y G Ob .7^5(0), set 

wti{v) = {z^er+ -.v^^ 0}. 

Theorem 5. (i) For i G I and a G C^, we have wt^ V{7Vi^a) C vrj^aQ". 

(ii) For TT G we have wti{W{7v)) C ttQ". 

(iii) The representations V^iVi^a), i & I, a G are minuscule. 

(iv) For algebras of type An, Bn and C„ the representations V{7Vi^a) are quasi-minuscule. 

The following corollary of the theorem is immediate from the universal property of Weyl 
modules. 

Corollary. Let V G J'qis) be an (-highest weight module with (-highest weight tt. Then 

chq{V) = dimVzc^zu. 
ruenQ- 

The first part of the theorem was proved in [FMlj and using the Corollary to Theorem 1 they 
deduced immediately that if ^(Tr) is irreducible, then chg{V{n)) = Y^^^^q^ d\m.V {tt)-cj'^ 
(a stronger general condition on terms of chqiy{Tv)) is proved in [H3] ) . In fact, a stronger 
result which implies part (i) is proved in Theorem 5.21]. In the case of classical Lie 
algebras, another proof of part (i) and a Weyl-character type formula for the g-character of 
the fundamental representations is given in |CM1| . 

Part (ii) of the theorem is now immediate from from Theorem [H Part (iii) of the theorem 
was proved in [FMlj . Closed formulae for the characters of fundamental representations for 
the classical Lie algebras can be found in [FMll IKSl [CM2J . The g-character of fundamental 
representations of exceptional types were computed in |Nak6[ IHlt IH4] . Part (iv) can be 
established directly from the closed formulae in [KSI ICM2] . and was first observed (and proved 
by a different method) in [,H4j . The quasi-minuscule fundamental representations for algebras 
of type Dn can be found in [CM2] while the case of F4 and G2 can be found in |HH IH4] . 
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5.4. We now give a proof of parts (i), (iii) and (iv) of the Theorem for algebras of type 
An since it follows easily from the results discussed so far. The elements uJi £ , i (z I are 
minuscule i.e there do no exist dominant integral weights iJ, € P"*" such that uoi — ^ £ \ {0} 
and V{uJi) is a minuscule representation of Ug(0). Since wtV{'Ki^a) C LOi — Q^, by Theorem 
[U it follows that V^ni^a) — Vi^i) as Ug(0)-modules. Hence 

V{'^i,a)fj. / H = WUJi, dimV{7Vi^a)wuj, = 1, w £W. 

Using Theorem [3l we get 

which proves (iv) . By Corollary 12.101 we see that T^iri^a G T^i,aQ~ ■ Let Wi = {w £ W : 
wuJi = UJi}, and let be a set of coset of representatives for W/Wi. Then, we have by 
Theorem [3] that 

and the proof of parts (i) and (iv) of the theorem is complete. 

5.5. Let us consider the case of V{7Vi^a) for An- Here, we have 

Wt^y(7ri,a) = {{'^i,aq-+iy^'^i+l,aq- ■ < i < u} , 

where we understand that iTn+i^aq^ = 1- The following is analogous to Proposition 14.41 and is 
proved in a similar fashion. 

Proposition. Suppose that g is of type An and that tt = (vr, 1, • • • , 1) G . Then 

chqiWi-K)) = Yl ^vr(7r')7r', 

where 

'V+(-rr\ f/ ^2(gn) TTniq'^-^u) ^ cnuA 

■K2iq^u) TTziq^u) 7r„+i(g"+in) J 

and 

k n+l 

d7r(7r') = nn 

s=l i=l 

where vr = ns=i(f ~ '^kuY'' j o-k o-m if k ^ m and ttj = Y[^=i{^ ~ Ofcu)™^'^, 1 < J < ^^ + 1- 
In particular, W{7t) is quasi-minus cule iff the roots of tt are distinct. □ 

5.6. Suppose now that g is a simple Lie algebra and assume that z G I is such that the 
coefficient of a, in the highest root is one. Then it is known that the corresponding 11^(0)- 
representation V{(jJi) is quasi-minuscule and also that ( [CP7J for instance) V{iVi^a) — V{^i)- 
In particular, V{7ri^a) is a quasi-minuscule representation of Ug(g). The converse is also true 
for type An as we see from the preceding discussion : if a fundamental representation is quasi- 
minuscule then it is simple as a Ug(0)-module. For L»„ from [CM2] and more generally it has 
been observed by Nakajima that the converse is also true for all simply-laced algebras. In the 
non-simply laced case however, the converse need not be true, for instance by Theorem [5] (iv). 
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all the fundamental representations of Bn are quasi-minuscule, but V{7ri^a) is not irreducible 
as a Uq(g)-module if i / l,n, see }CP7] for instance. Examples for G2 can be found in [HI] . 

5.7. As a consequence of Theorem O^i) , more precisely its Corollary 15.31 ^-^d by using the 
grading of g-characters by the usual weight lattice of g, the g-characters of simple represen- 
tations are clearly Z-linearly independent (as for usual characters of simple representations of 
g). Then it follows |FR] that chg : Rep{Q) Z['P] is an injective ring homomorphism. 

The image of chg has been characterized in [FMlj as the intersection of the kernel of screening 
operators (this is analogous to the invariance for the Weyl group action of usual characters). 
Besides an element of Im(chg) is characterized \FIi\ IFMlJ by the multiplicity of the dominant 
terms tt G . In other words, we have ch.q(y) = chq(W) iff dim Vtj- = dim VFvr for all tt G . 

6. Affinizations of a and the poset Da 

One tool that has been used very effectively for example in |Nak61 IHlj in the computation 
of g-characters of certain families of modules is the Frenkel-Mukhin algorithm |FM1] and we 
shall describe this in another section. The braid group action on V and Theorem[3]can be used 
to compute g-characters although this approach has not as yet been fully explored outside the 
fundamental modules. As explained in the introduction, in the ADE-case an algorithm is given 
in |Nak4| which gives the g-character of an arbitrary simple finite dimensional representation. 
In practice however, it is difficult to write closed formulae for the q-character and the first thing 
is to identify suitable families of modules for which these methods can be made to work and 
possibly lead to closed formulae. The fundamental modules and the Weyl modules introduced 
in the previous section are examples of such families and in this section we shall identify some 
other natural families of modules which could provide further examples. We shall also be 
interested in branching rules, i.e the decomposition of an object of .^^^(g) as a direct of sum of 
simple objects of Tg{Q)- 

6.1. Since any V € J^qid) is completely reducible as a Uq(g)-module, we have 
V=VM 1^(a^)®™''^^\ m^(y) = dimHomu,(g)(F(^),y). 

Set, 

c\{V) = m^{V)ch{V{i,)). (6.1) 

Clearly knowing either ch or ch^ implies that one knows chg in principle. In practice however 
it is very hard to find from this information, a closed formula for chg. This is seen in other 
situations: for instance in the case of objects of Tqid), the character ch{V{X)) is given by the 
Weyl character formula and since ch is multiplicative, one knows the character of the tensor 
product of V{X) V{fi). But the understanding of dimIIomu^(g)(F(i^), 1/(A) (8" V{^)) is a 
hard problem. In this section, we shall see some examples of families of modules where chg is 
known. 
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6.2. We shall need two automorphisms introduced in |CP2l[Cha2] of Ug(g). Given a € , 
there exists an automorphism Tq : Vg{Q) — > Uq(g) which is defined on generators by 

for all i & I, r G Z, m G Z+. Let a : Vq{g) —)■ Uq(0) be the involution satisfying, 

for i e /, r G Z, m G Z+. Given V G Ob^q(0), let t*{V) and a*{V) be the object obtained 
by pulling V back via the automorphism Ta and a respectively. Define corresponding auto- 
morphisms Ta : Z['P] Z[V] sending tt — > tTq (resp. ct : Z[7^] — > Z[7^] sending tt ^ tTq-) 
by: 

Ta(7ri,fe) = TTj^afc, i G I, 6gC^, 

(T(7ri,fe) = 7r_^^(i) ,^2^-i, i G /, 6 G 

where we recall that Wo is the longest element of the Weyl group and that —Wq induces an 
involution of the Dynkin diagram of g. The following can be found in |Cha2] and |CP51 
Proposition 5.1] 

Proposition. Let tt G and a G . Then 

r,*y(7r) ^ y(7rfc), a* (V (tv)) ^ t*^V (n ^) , 
for some h G which is independent of it. 

In fact, h is the dual Coxeter number of g. The statements of the following corollary were 
first proved in [FR] and |H8| respectively and are consequence of the fact that for V G ifqio) 

<X\m.{a*V)a'cj = dimyt;c7 = d\m{T*V)r^'cj . 

Corollary. Let tt G . Then, 

chqirlVi-K)) = Tachq{V{TT)), c/iq(a*V(7r)) = a {ch^{\ {tt)) . 

6.3. Define an equivalence relation ~ on objects of J'q{Q) by: F ~ y iff F and V are 
isomorphic as Uq(g)-modules and let \y] denote the equivalence class of V. Note that by 
Proposition 16. 2t we have 

[V] = [t:{V)1 aeC\ 

It is shown in |Cha2| and can be verified easily, that one has a partial order on the set of 
equivalence classes given by: [V] > [V] iff for all u G P~^, either 

• mu{V) > mu{V'), or 

• there exists fj, G P'^ with fi > u such that m^(y) > mfj_{V'). 
For A G P+, set 

Da = {[V{7r)] : wtTT = A}. 

The following is proved in |Cha2j . we include a proof here, since it follows easily from the 
results of the previous sections. 

Proposition. For all A G the set is a finite poset. 
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Proof. Suppose that tt G and wtvr = A. Then V{n) is a quotient of Ty(7r). Since W{7v) 
is a finite-dimensional Ug(0)-module it fohows that 

v£P+ 

and hence we have 

c\V{-k) = m,{V{-K))V{u), m,(y(7r)) < n,(y(7r)). 

The proposition follows since there are only finitely many v G P+ with rriyiW {tt)) 7^ 0. □ 

6.4. Using Theorem [21 it is easy to describe the poset Da in the case when g is of type 
siz- Suppose that A = sooi and let vr, vr' be such that wtvr = A = wtvr'. Then, it is trivially 
seen that 

v{^) =u,{.,) v{7:') ^ ^ = n <^ ^' = n C' 

k=l k=l 

where vr = Y\k=i'^a^k (^^^p. vr' = Y\!k=i''^T'')-' g-factorization of tt (resp. vr'). In other 

words, the elements of Da are just elements of Par(s), the set partitions of s. Consider the 
reverse lexicographic ordering on Par(s), this is the order where {s} is the smallest partition 
and {!,••• ,1} the maximal element. It is now an elementary exercise in the representation 
theory of 5(2 to prove the following. 

Lemma. Assume that 3 is of type sl^ and that A = suoi. Then D^ is isomorphic as a poset to 
the set Par(s) of partitions of s equipped with the reverse lexicographic order. 

6.5. In the case of an arbitrary simple Lie algebra, very little is known about the poset Da 
except for the minimal and maximal elements of the poset. We first show that the maximal 
element of Da is just the equivalence class of W{7v) for tt G with wtTr = A. For this, it 
suffices by Theorem [T] to prove that there exists ttq G with wt(7ro) = A such that W{7Vq) 
is irreducible. Write A = Yli^i'^^i^i set ttq = W.i(zi{T^i,i)'^^ ■ By Corollary 15.11 it follows 
that ®i<^iV{iTi^i)®"^^ is irreducible and by Theorem S] we see that it is isomorphic to W{itq) 
and we have proved: 

Lemma. For A G , there exists n G with wtvr = A such that [W{7r)] is the unique 
maximal element o/Da. 

6.6. The minimal elements of the poset Da were studied in |Cha21 [CP4l ICP51 ICP6 ] . Notice 
first that if A = and a G C^, then D^^. = {[^^(Tri^a)]}) and in particular any affinization of 
uji is minimal. For general A, the picture is more complicated. Assume that the nodes of the 
Dynkin diagram are numbered as in [B]. For A G P^, set 

suppA = {i e I : X{i) > 0}, 

and let iminX be the minimal element of suppA. 
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6.7. If Q is not of type D or E, then there is a unique minimal element in D;^. Moreover 
there exist two elements vTminA 

[k] eV^, k = l,2 such that: 

• if I supp;^ I > 1) there does not exist a E such that 7rminA[l] = Tai'^mmxi'^]), 

• if TT G is such that V{7v) ~ l^(7rjnm a[^]) for some k G {1,2}, then there exists a G 

such that TV = Ta{7T^iri\[k])- 

The elements are defined as follows: If i ^ supp A the i*'^ coordinate of 7rminA[^] is one while 
if i G supp A, we let 

{TV^nnXm = Q(A) = ^-E._.<,<.KA(i)+d,^.iA(i+l)+d,+,-a,+l,,-l)^ (g_2) 

6.8. We turn now to the case oi D ox E where the number of minimal elements in D;^ can 
depend on A G . Let io be the trivalent node of the Dynkin diagram and let Ij, 1 < j < 3 be 
the disjoint connected components of /\{io}- For 1 < j < 3 and A G P^, set \j = '^^i&i ^U)^j 
and for tt = (tti, • • • , 7r„) G V'^ let tvj be defined by setting the i*^ co-ordinate to be 1 if z ^ Ij 
and to be tTj if z G Ij. Clearly 

A = A(io)wio + Ai + A2 + A3, TT = 7r^^J*"Vi7r27r3. 
Suppose first that A G is such that 

suppA C U{io}U Ij2, (6.4) 
for some ji,j2 & {1,2,3}. Then the situation is identical to the one discussed in Section [6T71 
Suppose next that 

io G suppA and Ij fl supp^ 7^ 0, for all 1 < j < 3. (6.5) 

Then has three minimal elements which are obtained as follows. We have [l^(7r)] is a 
minimal element of iff: 

• [V^(7rj7rjQ)] is a minimal element of ^x^+\(ig)uji^^ for 1 < J < 3, 

• there exists a permutation a of {1,2,3} such that the elements [V{7r^(^i-^'Ki^'K^(^2))] ^^'^ 
[y(7r^(i)7ri,7r^(3))] are minimal elements of Bx^^^^+xiio)u;,^^+x„^2^ and T>x,^,-,+x{ioU^,+x„^s)^ re- 
spectively. 

Since Xj + A(io)wio and Xj + X{io)u!if^ + A^ for 1 < j 7^ < 3 satisfy the condition in (|6.4p 
one can write down the elements tt explicitly using (|6.2p and (j6.3p and we find that there are 
three minimal elements. 

The remaining case when ^ supp^ has been studied when g is of type D4 in [CP6j . Here, 
one finds that the number of minimal elements in "increases" with A. Virtually nothing is 
known in this case beyond D4. 

6.9. Consider the special case A — TfiuJi. The preceding results show that the poset '^rnuji 
has a unique minimal element and that tv rain m^Ji = (tti, • • • ,vr„) where 



7rj(u) 



1, ifi/^, 

nr=i(i-c-''+M if J 
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Definition. The modules V{T*{7rjammLUi)), a € are called the Kirillov-Reshetikhin mod- 
ules. 

We shall discuss these further in the last section. 

6.10. We now discuss the chg-characters of minimal affinizations. In the case when g is 
of type s[„+i, one can prove [CP8| by using the evaluation homomorphism defined by Drinfeld 
and Jimbo that 

V{7T,ninx[k]) =sWi V{X), X G P+. (6.6) 
In the case when g is of type C2, it was proved in jCha2] that 

s 

^(vr„,inA[A;]) =0 V{X - 2rX{2)uJ2), 

r=0 

where s is the integer part of A(2)/2. For other Lie algebras, virtually nothing is known about 
the chg -character of the minimal affinizations in general. 

In the case when A = muji, and i is of classical type, i.e, ai occurs in the highest root 9 with 
multiplicity at most two, the chg -character is studied in |Cha3j and the results confirm the 
conjectures in [HKOTY] IHKOTTt Ik H IKRj . As an example we give the g-structure of in the 
case when i = 2 for the algebras of type Bn- here we have that 

m 

^('^minmaj2 )=0 0^(^^2). 

r=0 

Graded versions and classical analogs of these results have been studied in |CM3t[CM4j . Other 
approaches can also be found in [CGj . If z G / is not classical, then the corresponding Lie 
algebra is exceptional and such a decomposition for chg(y(7rinin(^-)) is not known. In the 
case of Es for instance, even conjectural decomposition formulas are not known when i is the 
trivalent node and m > 1. However, character formulas in a different form have been proved 
(see the last section). 

7. Properties of minimal affinizations 

In this section, we review results which give sufficient conditions for minimal affinizations 
to be prime, minuscule or quasi-minuscule. 

7.1. We can prove the following. 

Proposition. Let X G and suppose that aij G {0, —1} for all i,j G supp A and i 7^ j. Then 
V{n^inx) is prime. 

Proof. Notice first that under the hypothesis on A, the elements TTminAffe]) A: = 1,2 are given 
explicitly in (I6.2p . (l6.3p . If g is of type An, then one knows from (|6.6|) that T^(7rminA[fc]) — 
as Uq(g)-modules. It is an elementary exercise to see that V{X) can never be written as a 
tensor product of two non-trivial representations of Uq(g) and hence the proposition follows in 
this case. For the general case, suppose that there exists tt, tt' G P"*", such that l^(7rminA[^]) — 
V{n) V{7v'). Let Iq be the connected component of / containing supp A. The subalgebra 
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Uq generated by Uj, z G /q is isomorphic to Uq(s/r+i), where r = \Iq\. Using the formulae for 
comultiplication given in Lemma 12.61 one sees that 

which means that ^ovn^inxik] a minimal affinization for A, where we regard A as an 

element of PJ*" (the weight lattice corresponding to slr+i). But again, an inspection of (j6.2p . 
(|6.3p shows that this is a contradiction. □ 

Remark. More generally, one can prove that any minimal affinization is prime and a proof 
will appear elsewhere. The converse statement however is not true, examples of prime repre- 
sentations which are not minimal can be found for s/3 in |CP9| . 

7.2. We explain two essential tools that are needed to continue our study. The first is 
an algorithm defined in |FMlj which can be used to compute the g-character of minuscule 
representations. 

Given tt = (tti, • • • , 7r„) G "P"*", let be the submonoid of Q~ generated by the elements 

n 

{{oti^ag^)-^ m G Z, a G JJvri(a-^) = 0}. 

i=l 

The set ttQ^ is countable and we fix an enumeration of this set {z:7r}r>o so that, 

• -c^o = TT, 

• r >r' implies "ccr^ ^ zu^i. 

For i G I, define pj : "P ^ Z['P] by: for -uo = {wi, • • • , Wn), we have 

y{wi, ■ ■ ■ ,Wi-i, l,Wi+i, ■ ■ ■ ,ti7„)chgy(ti7j) rui G C[n], 

where ch^ is the g-character of the module V{vui) for Uj, expect that in (■n7j)^^chg we use the 
cx~^ instead of the roots o;"^ of Uj. If zcr' G P we let Pi{'^)zu' be the coefficient of z^j' in 
Pi (117). Note that Pi{'^)zi7' S Z+. 

For i G I and r G Z+ define integers s{u7r), Si{vjr), inductively and simultaneously by: 



s{vJq) = 1, Si{-UJQ) = 0, 

Si(^r) = ^(s(lI7r') - Si{-CJr'))[Y>i{-^r')]zUr : ^ > 1, 

r'<r 

s{'UJr) = MaXjg7(sj(-Ci7r)), r > 1 

Finally, set FM{tt) = Y^^^Qs{vj,i~)zUr. 

Definition. The Frenkel-Mukhin algorithm is said to be well-defined if FM{tt) G Z[7-'], i.e 
s{'UJr) = for all but finitely many r. We say that V{tv) is regular if chq(y(7r)) = FM{tt). 

Theorem 6. [FMlj A minuscule simple module is regular. 
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In general a simple representation is not regular (examples were first considered in [NN4] 
for type C3). Note that if V{7v) is regular, then a representation theoretical interpretation of 
the integers s^iVr) — Si{7Tr) can be found in [H?]. 

In [HlJ , a F{7v) G Z['P] has been constructed for any dominant tt. If V{u7) is minuscule, 
then F{-cj) = FM{'uj) = ohqiy {-uj)) . For general 117, F{'uj) G Im(chg), but may have negative 
coefficients. FM{zu) has nonnegative coefficients, but may not belong to the image of chg. 

7.3. The Frenkel-Mukhin algorithm produces elements of V which could occur in the set 
wt^ V{tv). We now give a result which gives a sufficient condition |H7j for an element of V to 
not be in the set wtf V{tt). This elimination theorem is useful to prove that a representation 
is minuscule. Another application to the smallness conjecture is given later. 

Define a morphism of monoids ht : — > Z+ by extending 

ht(ai,a)=^^ = 1, iGljOGC. 
Let Vf = {"CCT G "P : TTi G C[u]}. The following is proved in [H7j . 

Theorem 7. Let tt G and assume that zu ^ satisfies the following conditions for some 
i G /. 

(i) There exists a unique element -uj G wt^(y(7r)) n H zuQt such that -uj 7^ vj, and its 
multiplicity is 1 , 

(ii) x+ (y(7r)^) = {0} for all r G Z, 

(iii) Tpi{'^)vj = 0, 

(iv) if -cj' is such that V{'k)-cj' n UjF^ / and -uj^ G C[u], then \it{vj' -k^^) > ht(i;c77r~^), 

(v) for all j ^ i, we have 

{■cj' G wt£(F(7r)) : ht(i;i7'7r"^) < ht(-c:77r"^)} n -ktQj = 0, 
where Qj is the subg roup of Q gencratGcl by the clcmGiits cxj^d^ a G C'^. 
Then y(7r)CT = 0. 

7.4. We now consider the problem of giving explicit formulae for the q'-character of a 
minimal affinization. It is useful to see the introduction of [H8j for references on previous 
results in this direction; in particular in type A the results can be found in |CheH INTj . in 
the case of Yangians and in |FM2] for quantum affine algebras. In the special case of the 
Kirillov-Reshetikhin, the results can be extracted from [NakSl IHSj and we refer to the next 
section, in which they are discussed in greater detail, for references. 

The following result is proved in [H8j . 
Theorem 8. Let A G P'^ and assume that T^minX ^ {TfrninAl^] : A; = 1,2}. 

(i) If is of type An, Bn or G2, then V{7v^i^ix) and (7*V{n^iyix) are minuscule. 

(ii) if Q is of type C„ and A(n) = 0, then V{7T^inx) is minuscule if vTminA satisfies (|6.2p and 
cr*V{7Tjj^inx) is minuscule if n^ninX satisfies ()6.3p . An analogous result holds if 3 is of type 
i*4 if we assume that A(4) = 0. 

(iii) If Q is of type L>„ and A(n — 1) = A(n), then ^(TrjninA) is minuscule if n^amX satifies (|6.2p 
and cr*V{7v^amx) is minuscule if TTminA satisfies ()6.3p . □ 
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The main points of the proof are a generahzation of the methods of |H5j . There are two 
main steps: the first one is to compute the terms which occur "at the top" of the g-characters, 
that is to say the first few terms. This is done by Theorem [7] to show that some terms cannot 
occur in the g-character. Of the terms that occur, only the highest weight is in . Then 
most have the fohowing right-negative property : 

Definition. jFMlj A non trivial vj = Hie/ aec* ^i'"''"*-^-* is said to be right-negative if for all 
a G C*, j G / we have Uj^^^gLai'^) / =^ UjaqLaim) < where 

La = max{/ G Z/3i G I,Ui f^gL{'cu) / 0}. 

The second step is to use the information of the top of the (/-character, the right-negative 
property, to prove that all other elements in wt^(y(7r)) also have the right negative property. 
This implies immediately, that they are not elements of V^. For this step, we need a repre- 
sentation theoretical induction inside the module and a crucial ingredient is the structure of 
Weyl-module in the s/2-case. 

Although, the theorem is not the best possible in the case of algebras of type C„, Dn and 
F4, it is not true that all minimal affinizations are minuscule. For instance, when q of type C3, 
and A = 2uj2 +W3, then one can see that a corresponding minimal affinization is not minuscule 
although it satisfies ()6.2p . Other counter-examples may be found in [H8j . 

7.5. Recall the classical result that the Jacobi-Trudi determinant gives the character of 
the irreducible representation V{X) of sl^+i. A generalization of the Jacobi-Trudi determinant 
to other classical Lie algebras in terms of tableaux can be found in |KOSj for type B, and 
[NNlj INN21 INN3j for general classical type. In |NNll Conjecture 2.2] Nakai and Nakanishi 
conjectured that when g is of classical type, the Jacobi-Trudi type determinant gives the q- 
character of an irreducible representation of the corresponding quantum affine algebra. The 
following is proved in [H8] and confirms their conjecture when g is of type A or B. 

Theorem 9. Assume that g of type A or B and let A G be such that A(n) is even if g is of 
type Bfi- The g-character of the minimal affinization of A is given by the corresponding Jacobi- 
Trudi determinant. In particular, the corresponding minimal affinizations are quasi- minuscule. 

□ 

If g of type C4, for instance the minimal affinization of 2ujs is not quasi-minuscule. As 
discussed earlier in the paper, for Dn, there exist fundamental representations which are not 
quasi-minuscule. 

7.6. As an illustration, we give the q-characters for type Bn predicted by the conjecture 
of [NN2] . 

Recall that a partition A = (Ai,A2,---) is a sequence of weakly decreasing non-negative 
integers with finitely many non-zero terms. The conjugate partition is denoted by A' = 
{X[, X2, • • •)■ Given two partitions A and /i, we say that ^ C A if A, > /i, for all i > 1 
and the corresponding skew diagram denoted X/fi is 

X/n = G N X N : + 1 < j < Ail = G N X N : /i;. + 1 < i < A^}, 

and let d{X/ ^x) be the length of the longest column of A//i. 
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Assume now that that (i(A//i) < n and also that X/n is connected (i.e. /ij + 1 < Xi+i if 
Ai+i / 0). 

Let B = {1, • • • , n, 0, n, • • • ,1}. We give the ordering -< on the set B by 

l-^2^---^n^0-^n-(----<2-<T. 

As it is a total ordering, we can define the corresponding maps succ and prec. For a G C*, let 
(we use the notations of |FR] explained in Section 14. 3p 



□a = ^i-l,ag2»^*,ag2(-i) ' Ea = ^i-l.ag^-^-^ ^,,„g4n-2, for 2 < i < n - 1, 

Ha = ^n,ag2n+i^n,ag2"-3, 

(we denote yo,a = ^+i,a = !)• For T = (7i,j)(i,j)GA//i a- tableaux of shape A//i with coefficients 
in B, let 



{«,i)GA/M 

Let Tab(-B„, A//i) be the set of tableaux of shape A//i with coefficients in B satisfying : 
[Ti,j < Tij+i and {Tij,Tij+i) 7^ (0,0)] and [T^j -< Tj+ij or (Tij^Tj+ij) = (0,0)]. 
The tableaux expression of the Jacobi-Trudi determinant |K0S1 INNl] is : 

XX/f,,a = ^ mT,a e 3^- 

reTab(B„,A//i) 

Note that we get minimal affinizations of Theorem [9] for = 0. The highest weight is 
S{j|Ai=j}(^ — rj)ujj. The proof of the conjecture for more general representations will 
appear elsewhere. 

8. Kirillov-Reshetikhin modules 

We conclude this paper with a discussion of the Kirillov-Reshetikhin (KR) modules. These 
were first introduced in [KR] and since then have been widely studied. They have a number of 
interesting properties, some of which we have already seen. They are the minimal affinizations 

Wm]a = T*V{7T^inmwi) of muji, m £ Z+, i £ I, a ^ of scction 16.91 and are prime by 
Proposition 17.11 

We have also seen in Theorem [8] that in some cases they are minuscule and we have seen 
in section 16.101 that closed formulas are known for chg when i is of classical type. Some of 
these results can be improved for these modules as we shall see below. In particular it is one 
of the first infinite family of simple finite dimensional representations of Uq(0) where explicit 
uniform character formulas can be given for all types : this important property of KR modules 
is the KR conjecture proved by Nakajima (ADE case) and the second author (general case) 
and discussed in this section. 

Another important property that is expected is that the modules V{Tr^[^rnuji) have a crystal 
basis (for a choice of the spectral parameter) and moreover that a module V{7v) has a crystal 
basis if and only if it is a tensor product of modules of the form V{7v^i^m^-). Another 
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important motivation for the study of the Kirillov-Reshetikhin modules is their connections 
with solvable lattice models [HKOTYj IHKOTTj . There is extensive literature on the subject 
and we just give a quick overview in this section, with pointers to the appropriate references. 



8.1. By Proposition [O] we see that =g wi^\ and hence chW^a = chwj^\. The 

first part of the Kirillov-Reshetikhin conjecture gives a closed formula for the character ch of 

(i) 

an arbitrary tensor product of the modules W^\. 

For a sequence u = {'^l^^)i£i,k>o of non-negative integers, such that all but finitely many 
f ^ are zero we set : 



j^^(^j^(i)yel,k>0 \ k / 



where 



1=1.. .00 jei,i>o 



r(a + i) 



bj r(a-6+l)r(6+l) 
and r is the usual gamma function. 



Theorem 10 (The KR conjecture). For a sequence u = {'-'j^'^)i£i,k>o such that for all but 



finitely many i^^*^ are zero, we have : 



n (chiwl^rl:' Y[{1- e{-a)) = TW). (8.1) 

je/,fc>l aGA+ 

□ 

The following theorems HSKIIl [13 (that imply Theorem[l0]by [HKUTYl iHKUTTi IKNT] ) are 
due to Nakajima [Nak4 , Nak5] for simply-laced algebras (the proof uses geometric methods) 
and in full generality to the second author |H5j (the general proof uses purely algebraic different 
methods described in section [7^ . 

In both proofs the crucial step is the following : 
Theorem 11. The modules Wf^ ^ are minuscule. 

Recently it was proved combinatorially in [DKj that (jS.ip can be rewritten in a different 
form with positive coefficients. 



8.2. We now discuss the relationship of Theorem [10] to T and Q systems. The T-systems 
were originally introduced in [KNSj as functional relations. They can also be viewed as a 
system of induction relations on the characters of the Kirillov-Reshetikhin modules and to 
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do this, we introduce the foUowing representations. For i G /, /c > 1, a G C* define the 
U,(s)-module S^l by : 



k.a 



j/%-,i=-l j/aj,i<-2 



rij) 



( 



(g) VF^^'^ ,1 



and for = 1 and g of type G2 (j 7^ i is the other node) : 



.(i) 



(i) 



r+l,ag 



.(i) 

r,aq^ 



if > 2, 

if = 1, 7^ G2, k = 2r + l, 



if = 3r, 
if A; = 3r + 1, 
if A; = 3r + 2. 



The S^'J^ are well-defined as the modules in the definition commute for (g). Moreover Si' is 
minuscule and so is simple. We denote by [V] the image in Rep(g) of a module V. 

Theorem 12 (The T-system). Let a e C* , k > 1, i e I. We have in Rep(0): 

The T-system holds in the Grothendieck ring, but it can also be written as an exact se- 
quence of representations. The T-system implies the Q-system which is just the corresponding 
statement in Rep(0). 

For example in the case of SI2, the T-system is just the following relation which can be 
easily checked by using the explicit formulas given above : 



(i) 



The Q-system is 



[Wk,a][Wk,aq^] = [Wk+l,a][Wk-l,aq^] + 1. 



Qk — Qk+lQk-l + 1 



where Qk = ch.(Wk,a) docs not depend on the spectral parameter a. This just an elementary 
relation between the characters ch((3fc) = e{ku) + e{{k — 2)lo) + • • • + e(— feu;). 



8.3. A convergence property of the g-characters of KR modules holds : 

(i) —1 

Theorem 13. The normalized g-character of ^ considered as a polynomial in Oij ^ has a 
limit as a formal power series : 



3 lim ,., 

k,aq. 



where tt 



is the highest term oiW^ ' ou. 
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As a direct consequence, a convergence property holds for the characters of KR module : 
Q^*^ = e(— fea;j)ch(VF^*^) considered as a polynomial in e{—aj) has a limit as a formal power 
series : 

3 hm Q« G Z[[e{-aj%^j. 

fe— >oo 

With the Q-system, these representation theoretical results imply by combinatorial arguments 
[HKUTYl IHKUTTI IKNT] explicit character in Theorem [JOl [DKj deals with the problem of 
rewriting (jS.ip into a different expression. 

8.4. It is expected that KR modules (for a special choice of the spectral parameter) have 
a crystal basis. This is known for fundamental representations [Kasj (see |HN) and references 
therein for explicit descriptions). As an application of the branching rules of KR modules 
discussed in Section [6.101 (the branching rules in |H9| for twisted cases), the conjecture about 
crystal basis has been proved for classical types (see [OS] and references therein). 

8.5. Let us now go to the question of g-characters of KR modules. The fact that they are 
minuscule implies that they are regular and that their g-character can in principle be calculated 
by using the Prenkel-Mukhin algorithm. In classical types, there are explicit formulas in 
[KQSl IKNH ] (the formulas for fundamental representations are given in \KS\ ICM2j ) which 
follow from the minuscule property. But explicit formulas for their g-character are not known 
in other cases. It would be interesting as well, to give analogs of fermionic formulas for their 
g-characters. 

8.6. In simply-laced cases, Nakajima jNak4] defined t-analogs of g-characters (see |H1] for 
non simply laced cases based on a different proof of the existence). Nakajima's construction of 
q, t-characters is closely related to the geometry of quiver varieties. The geometric small prop- 
erty (Borho-MacPherson) of projective morphisms implies a description of their singularities 
in terms of intersection homology. This notion for certain resolutions of quiver varieties |Nak4] 
(analogs of the Springer resolution) can be translated in terms of q, t-characters. Then by using 
a modification of the proof of Theorem in |Nak4] , it is proved in |H7j that we have the follow- 
ing purely representation theoretical characterization of small modules involving g-characters 
without q, t-characters. We will use it as a definition : 

Theorem 14. Let tt € V^. V{7t) is small if and only if for all tt' € satisfying tt' ^ tt, 
V{7t') is minuscule. 

Note that a small module is necessarily minuscule. From the geometric point of view it is 
important to determine which modules are small. In particular, Nakajima [Nak4', Conjecture 
10.4] raised the problem of characterizing the Drinfeld polynomials of small standard modules 
corresponding to KR modules. The main result of [117] is an explicit answer to this question 
(Theorem [15]). First let us note in general the standard modules corresponding to KR modules 
are not necessarily small : for type ^3, ^(7r2,i7r2^g27r2_ij4) is not small since V{7Vi^q7r3^q7V2,gi) 
is not minuscule and 7ri^q7r3^g7r2_g4 ^ T^2,i''^2,q'2'^2,qi'- 
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8.7. Let us give a characterization of small KR modules. 

Definition. A node i G {1, • • • ,n} is said to be extremal (resp. trivalent) if there is a unique 
j € / (resp. three distinct j, k,l £ I) such that aij < (resp. aij < 0, Ui^k < and Ui^i < 0). 

For i G /, we denote by ki the minimal k > 1 such that there are distinct i = ii, - ■ ■ ,1^ £ I 
satisfying ai-^i-^-^ < and ik is trivalent. If there does not exist such k, set ki = +oo. 

For example for g of type A, we have fcj = +oo for all i E /. 

Theorem 15. [Smallness problem] |H7j Let A: > 0, i G I, a € C*. Then VF^*^ is smah if and 
only if A; < 2 or (z is extremal and k < /cj + 1). 

In particular for g = s/2 or g = sis, ah KR modules are small (it proves the corresponding 
|Nak4l Conjecture 10.4]). In general it gives an explicit criterion so that the geometric smallness 
holds. A few words about the proof : the "only if part is proved by writing down explicitly 
an element tt G so that vr ^ TaTr^i^kuji which proves that the module is not minuscule. 
For the "if part, all dominant monomials lower than TaTv^ainkoji are computed, and then it is 
proved by using the elimination theorem that they correspond to minuscule representations. 

References 

[AK] T. Akasaka and M. Kashiwara, Fmite-dimensional representations of quantum ajfine algebras, Publ. 
Res. Inst. Math. Sci. 33 (1997), no. 5, 839-867. 

[Bl] J. Beck, Braid group action and quantum ajfine algebras. Comm. Math. Phys. 165 (1994), 555-568. 

[B2] J. Beck, Convex PBW bases of quantum affine algebras. Comm. Math. Phys. 165 (1994), 193-200. 

[BCP] J. Beck, V. Chari and A. Pressley, An algebraic characterization of the afiine canonical basis, Duke 
Math. J. 99 (1999), no. 3, 455-487. 

[BK] J. Beck and V. G. Kac, Finite- dimensional representations of quantum affine algebras at roots of unity, 
J. Amer. Math. Soc. 9, no. 2, 391-423 (1996) 

[BN] J. Beck and H. Nakajima, Crystal bases and two-sided cells of quantum affine algebras, Duke Math. 
J. 123 (2004), no. 2, 335-402 

[BR] V.V. Bazhanov and N. Reshetikhin, Restricted solid-on-solid models connected with simply laced 
algebras and conformal field theory, J. Phys. A 23, no. 9, 1477-1492 (1990) 

[B] N. Bourbaki, Groupes et algebres de Lie, Chapitres IV- VI, Hermann (1968) 

[Chal] V. Chari, Integrable representations of affine Lie-algebras, Invent. Math. 85 (1986), no. 2, 317-335. 

[Cha2] V. Chari, Minimal affinizations of representations of quantum groups: the rank 2 case, Publ. Res. Inst. 
Math. Sci. 31, no. 5, 873-911 (1995) 

[Cha3] V. Chari, On the fermionic formula and the Kirillov- Reshetikhin conjecture, Int. Math. Res. Not. 2001, 
no. 12, 629-654 (2001) 

[Cha4] V. Chari, Braid group actions and tensor products. Int. Math. Res. Not. 2003 (2002), no. 7, 357-382. 

[CG] V. Chari and J. Greenstein, Current algebras, highest weight categories and quivers. Adv. in Math. 
216 (2007), no. 2, 811-840. 

[CL] V. Chari and S. Loktev, Weyl, Demazure and fusion modules for the current algebra of slr+i- Adv. in 
Math., 207, (2006), Issue 2, 928-960. 

[CMl] V. Chari and A. Moura, Characters and blocks for finite- dimensional representations of quantum 
affine algebras. Int. Math. Res. Not. 2005, no. 5, 257-298 (2005) 



32 



VYJAYANTHI CHARI AND DAVID HERNANDEZ 



[CM2] V. Chari and A. Moura, Characters of fundamental representations of quantum affine algebras, Acta 
Appl. Math. 90, no. 1-2, 43-63 (2006) 

[CMS] V. Chari and A. Moura The restricted Kirillov-Reshetikhin modules for the current and twisted 
current algebras, Commun. Math. Physics, 266, (2006) 431-454. 

[CM4] V. Chari and A. Moura, Kirillov-Reshetikhin modules associated to G2, Lie algebras, vertex operator 
algebras and their apijlications, 41-59, Contemp. Math., 442, Amer. Math. See, Provideucc, RI, 2007. 

[CPl] V. Chari and A. Pressley, A new family of irreducible, integrable modules for affine Lie algebras, 
Math. Ann. 277 (1987), no. 3, 543-562. 

[CP2] V. Chari and A. Pressley, Quantum, Affine Algebras, Comm. Math. Phys. 142, 261-283 (1991) 

[CP3] V. Chari and A. Pressley, Quantum affine algebras and their representations, in Representations of 
groups (Banff, AB, 1994),59-78, CMS Conf. Proc, 16, Amer. Math. See, Providence, RI (1995) 

[CP4] V. Chari and A. Pressley, Minimal affinizations of representations of quantum groups: the simply 
laced case, J. Algebra 184, no. 1, 1-30 (1996) 

[CP5] V. Chari and A. Pressley, Minimal affinizations of representations of quantum groups: the nonsimply- 
laced case, Lett. Math. Phys. 35, no. 2, 99-114 (1995) 

[CP6] V. Chari and A. Pressley, Minimal affinizations of representations of quantum groups: the irregular 
case, Lett. Math. Phys. 36, no. 3, 247-266 (1996) 

[CP7] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge University Press, Cambridge 
(1994) 

[CPS] V. Chari and A. Pressley, Small representations of quantum afHne algebras, Lett. Math. Phys. 30, 

(1994), 131-145. 

[CP9] V. Chari and A. Pressley, Factorization of representations of quantum affine algebras, Modular 
interfaces (Riverside, CA, 1995), 33-40, AMS/IP Stud. Adv. Math., 4, Amer. Math. Soc, Providence, 
RI, 1997 

[CPIO] V. Chari and A. Pressley, Yangians, integrable quantum systems and Dorey's rule. Comm. Math. 
Phys. 181 (1996), no. 2, 265-302. 

[CPU] V. Chari and A. Pressley, Twisted quantum affine algebras. Comm. Math. Phys. 196, no. 2, 461-476 

(1998) 

[CP12] V. Chari and A. Pressley, Quantum affine algebras at roots of unity. Represent. Theory 1 (1997), 
280-328 (electronic). 

[CP13] V. Chari and A. Pressley, Integrable and Weyl modules for quantum affine sb. Quantum groups 
and Lie theory (Durham, 1999), London Math. Soc. Lecture Note Ser., vol. 290, Cambridge Univ. Press, 
Cambridge, 2001, pp. 48-62. 

[CP14] V. Chari and A. Pressley, Weyl modules for classical and quantum affine algebras. Represent. Theory 

5 (2001), 191-223 (electronic). 

[Chel] I. Cherednik, A new interpretation of Gelfand-Tzetlin bases, Duke Math. J. 54, no. 2, 563-577 (1987) 

[Che2] I. Cherednik, Quantum groups as hidden symmetries of classic representation theory. Differential 
geometric methods in theoretical physics (Chester, 1988), 47-54, World Sci. Publishing,Teaneck, NJ, 

(1989) 

[Da] I. Damiani, La R-matrice pour les algebres quantiques de type affine non tordu, Ann. Sci. Ecole Norm. 
Sup. 31 (1998), no. 4, 493-523. 

[Drl] V. G. Drinfeld, Quantum groups. Proceedings of the International Congress of Mathematicians, Vol. 1, 
2 (Berkeley, Cahf., 1986), 798-820, Amer. Math. Soc, Providence, RI, (1987) 

[Dr2] V. G. Drinfeld, A new realization of Yangians and of quantum affine algebras, Soviet Math. Dokl. 36, 
no. 2, 212-216 (1988) 



BEYOND KIRILLOV-RESHETIKHIN MODULES 



33 



[DK] P. Di Francesco and R. Kedem, Proof of the combinatorial Kirillov-Reshetikhin conjecture, Int. Math. 
Res. Not. IMRN 2008, no. 7 

[FL] G. Fourier and P. Littelmann, Weyl modules, Demazure modules, KR-modules, crystals, fusion prod- 
ucts and limit constructions, Adv. Math. 211, no. 2, 566-593 (2007) 

[FMl] E. Frenkel and E. Mukhin, Combinatorics of q- Characters of Finite-Dimensional Representations of 
Quantum Affine Algebras, Comm. Math. Phy., vol 216, no. 1, pp 23-57 (2001) 

[FM2] E. Frenkel and E. Mukhin, The Hopf algebra RepUggl^, Selecta Math. (N.S.) 8, no. 4, 537-635 

(2002) 

[FM3] E. Frenkel and E. Mukhin, The q-characters at roots of unity, Adv. Math. 171 (2002), no. 1, 139-167 

[FR] E. Frenkel and N. Reshetikhin, The q-Characters of Representations of Quantum Affine Algebras 
and Deformations of W -Algebras, Recent Developments in Quantum AfHne Algebras and related topics, 
Cont. Math., vol. 248, 163-205 (1999) 

[FiR] I. Frenkel and N. Reshetikhin, Quantum affine algebras and holonomic difference equations. Comm. 
Math. Phys. 146 (1992), no. 1, 1-60. 

[HI] D. Hernandez, Algebraic approach to q,t-characters, Adv. Math. 187, no. 1, 1-52 (2004) 

[H2] D. Hernandez, The t-analogs of q-characters at roots of unity for quantum affine algebras and beyond, 
J. Algebra 279, no. 2, 514-557 (2004) 

[H3] D. Hernandez, Representations of quantum affinizations and fusion product. Transform. Groups 10, no. 

2, 163-200 (2005) 

[H4] D. Hernandez, Monomials of q and q,t-chraracters for non simply-laced quantum affinizations. Math. 
Z. 250, no. 2, 443-473 (2005) 

[H5] D. Hernandez, The Kirillov-Reshetikhin conjecture and solutions of T-systems, J. Reine Angew. Math. 
596, 63-87 (2006) 

[H6] D. Hernandez, Drinfeld coproduct, quantum fusion tensor category and applications, Proc. London 
Math. Soc. (3) 95, no. 3, 567-608 (2007) 

[H7] D. Hernandez, Smallness problem for quantum affine algebras and quiver varieties, Ann. Sci. Ecole 
Norm. Sup. (4) 41 (2008) , no. 2 , 271-306 

[H8] D. Hernandez, On minimal affinizations of representations of quantum groups. Comm. Math. Phys. 

277, no. 1, 221-259 (2007) 

[H9] D. Hernandez, Kirillov-Reshetikhin conjecture : the general case. Preprint arXiv:0704.2838 

[HIO] D. Hernandez, Quantum toroidal algebras and their representations. To appear in Selecta Math. 
(Preprint arXiv:0801.2397) 

[HL] D. Hernandez and B. Leclerc, Cluster algebras and quantum affine algebras. Preprint arXiv:0903.1452 

[HN] D. Hernandez and H. Nakajima, Level monomial crystals, Lusztig issue of Nagoya Math. J., 184 
(2006), 85-153 

[HKOTT] G. Hatayama, A. Kuniba, M. Okado, T. Takagi and Z. Tsuboi, Paths, crystals and fermionic 
formulae, MathPhys odyssey, 2001, 205-272, Prog. Math. Phys., 23, Birkhauser Boston, Boston, MA, 
2002 

[HKOTY] G. Hatayama, A. Kuniba, M. Okado, T. Takagi and Y. Yamada, Remarks on fermionic 
formula, in Recent developments in quantum affine algebras and related topics (Raleigh, NC, 1998), 
243-291, Contemp. Math., 248, Amcr. Math. Soc, Providence, RI (1999) 

[J] M. Jimbo, A q-difference analogue ofU{Q) and the Yang-Baxter equation, Lett. Math. Phys. 10, no. 1, 
63-69 (1985) 

[Kac] V. Kac, Infinite dimensional Lie algebras, 3rd Edition, Cambridge University Press (1990) 



34 



VYJAYANTHI CHARI AND DAVID HERNANDEZ 



[Kas] M. Kashiwara, On level-zero representations of quantized affine algebras, Duke Math. J. 112 (2002), 
no. 1, 117-175 

[Ke] R. Kedem, Q-systems as cluster algebras, J. Phys. A: Math. Theor. 41 (2008) 

[Kl] M. Kleber, Combinatorial structure of finite-dimensional representations of Yangians: the simply-laced 
case, Internat. Math. Res. Notices 1997, no. 4, 187-201 (1997) 

[KN] A. Kuniba and T. Nakanishi, The Bethe equation at q = 0, the Mbius inversion formula, and weight 
multiplicities. II. The X„ case, J. Algebra 251, no. 2, 577-618 (2002) 

[KNH] A. Kuniba, S. Nakamura and R. Hirota, Pfaffian and determinant soluations to a discretized Toda 
equation for Br, Cr and Dr, J. Phys. A 29, no. 8, 1759-1766 (1996) 

[KNS] A. Kuniba, T. Nakanishi and J. Suzuki, Functional relations in solvable lattice models. I. Functional 
relations and representation theory, Internat. J. Modern Phys. A 9, no. 30, 5215-5266 (1994) 

[KNT] A. Kuniba, T. Nakanishi and Z. Tsuboi, The canonical solutions of the Q-systems and the Kirillov- 
Reshetikhin conjecture. Comm. Math. Phys. 227, no. 1, 155-190 (2002) 

[KOS] A. Kuniba, Y. Ohta and J. Suzuki, Quantum Jacobi-Trudi and Giambelli Formulae for l{q{B^^^) 
from Analytic Bethe Ansatz, J. Phys. A 28, no. 21, 6211-6226 (1995) 

[KR] A.N. Kirillov and N. Reshetikhin, Representations of Yangians and multiplicities of the inclusion of 
the irreducible components of the tensor product of representations of simple Lie algebras, J. Soviet Math. 
52, no. 3, 3156-3164 (1990); translated from Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. 
(LOMI) 160, Anal. Teor. Chisel i Teor. Funktsii. 8, 211-221, 301 (1987) 

[KS] A. Kuniba and S. Suzuki, Analytic Bethe Ansatz for fundamental representations and yangians, Com- 
mun. Math. Phys. 173, 225 - 264 (1995) 

[L] G. Lusztig, Quantum deformations of certain simple modules over enveloping algebras. Adv. in Math. 

70 (1988), no. 2, 237-249. 

[Nakl] H. Nakajima, Quiver varieties and finite-dimensional representations of quantum affine algebras, J. 
Amer. Math. Soc. 14, no. 1 (2001) 

[Nak2] H. Nakajima, T -analogue of the q-characters of finite dimensional representations of quantum affine 
algebras. Physics and combinatorics, 2000 (Nagoya), 196-219, World Sci. Publishing, River Edge, NJ 
(2001) 

[NakS] H. Nakajima, t-analogs of q-characters of quantum affine algebras of type An, D„, in Combinatorial 
and geometric representation theory (Seoul, 2001), 141-160, Contemp. Math., 325, Amer. Math. Soc, 
Providence, RI (2003) 

[Nak4] H. Nakajima, Quiver Varieties and t-Analogs of q-Characters of Quantum Affine Algebras, Ann. of 
Math. 160, 1057 - 1097 (2004) 

[Nak5] H. Nakajima, t-analogs of q-characters of Kirillov- Reshetikhin modules of quantum affine algebras. 
Represent. Theory 7, 259-274 (electronic) (2003) 

[Nak6] H. Nakajima, t-analogs of q-characters of quantum affine algebras of type Ee, E-r, Es, Preprint 

arXiv:math/0606637 

[NNl] W. Nakai and T. Nakanishi, Paths, tableaux and q-characters of quantum affine algebras : the Cn 
case, 3. Phys. A 39, no. 9, 2083-2115 (2006) 

[NN2] W. Nakai and T. Nakanishi, Paths, tableaux descriptions of Jacubi-Trudi determinant associated 
with quantum affine algebra of type D„, J. Algebraic Combin. 26, no. 2, 253-290 (2007) 

[NN3] W. Nakai and T. Nakanishi, Paths, tableaux descriptions of Jacubi-Trudi determinant associated 
with quantum affine algebra of type Cn, SIGMA Symmetry Integrability Geom. Methods Appl. 3, Paper 
078 (2007) 



BEYOND KIRILLOV-RESHETIKHIN MODULES 



35 



[NN4] W. Nakai and T. Nakanishi, On Frenkel-Mukhin algorithm for q-character of quantum affine algebras, 
To appear in Adv. Stud, in Pure Math. (Preprint arXiv:0801.2239) 

[NT] M. Nazarov and V. Tarasov, Representations of Yangians with Gelfand-Zetlin bases, J.Reine Angew. 
Math. 496, 181-212 (1998) 

[OS] M. Okado and A. Schilling, Existence of Kirillov-Reshetikhin crystals for nonexceptional types. Rep- 
resent. Theory 12 (2008), 186-207 

[R] S. E. Rao, On representations of loop algebras. Comm. Algebra 21 (1993), 2131-2153 

[VV] M. Varagnolo and E. Vasserot, Standard modules of quantum affine algebras Duke Math. J. Ill, no. 
3, 509-533 (2002) 

Department of Mathematics, University of California, Riverside, CA 92521, USA 
E-mail address: chairi @ math . ucr . edu 
URL: http://math.ucr.edu/~chari 

CNRS - EcoLE Normale Superieure, 45 rue d'Ulm, 75005 Paris, FRANCE 
E-mail address: David. Hernandez ens . fr 
URL: http : //www. dma. ens . f r/~dhernand 



